In this first paper of a series dedicated to the microphysics of unmagnetized, relativistic collisionless pair shocks, we discuss the physics of the Weibel-type transverse current filamentation instability (CFI) that develops in the shock precursor, through the interaction of an ultrarelativistic suprathermal particle beam with the background plasma. We introduce in particular the notion of "Weibel frame", or scattering center frame, in which the microturbulence is of mostly magnetic nature. We calculate the properties of this frame, using first a kinetic formulation of the linear phase of the instability, relying on Maxwell-Jüttner distribution functions, then using a quasistatic model of the nonlinear stage of the instability. Both methods show that: (i) the "Weibel frame" moves at subrelativistic velocities relative to the background plasma, therefore at relativistic velocities relative to the shock front; (ii) the velocity of the "Weibel frame" relative to the background plasma scales with ξ b , i.e., the pressure of the suprathermal particle beam in units of the momentum flux density incoming into the shock; and (iii), the "Weibel frame" moves slightly less fast than the background plasma relative to the shock front. Our theoretical results are found to be in satisfactory agreement with the measurements carried out in dedicated large-scale 2D3V PIC simulations.
I. INTRODUCTION A. Motivations and objectives
The Weibel-type current filamentation instability (CFI) that develops in anisotropic plasma flows [1] [2] [3] [4] [5] , has gained a lot of attention in past decades because of its relevance to various fields of physics. Through the generation of skin-depth-scale current filaments surrounded by toroidal magnetic fields, which gradually isotropize the counterstreaming plasmas, this instability is a key process in the formation of astrophysical collisionless shock waves [6] . Because it also arises in the precursor of weakly magnetized shock waves, i.e., the upstream region where the unshocked plasma flows against a beam of suprathermal particles, it further sustains the shock transition and likely generates the magnetized turbulence that is required for particle acceleration and radiation. Such microphysics may well underpin the outstanding phenomenon of gamma-ray burst afterglows, in which a substantial fraction of the ∼ 10 52 ergs liberated by the cataclysmic event is radiated away by shock-accelerated electrons, on hours to months timescales [7, 8] .
In laser-driven high-energy-density physics and laboratory astrophysics, the CFI also plays a central role [9] [10] [11] [12] [13] [14] [15] [16] [17] . In particular, it has been recently observed to grow in the interpenetration of laser-ablated plasmas [18, 19] , marking a first step towards the generation of collisionless shocks in the laboratory [20] [21] [22] [23] .
The development of the CFI in symmetric colliding plasmas has been studied theoretically in both the linear [5, 7, 24, 25] and nonlinear [26] [27] [28] [29] [30] [31] regimes, and numerically using particle-in-cell (PIC) simulations, [3, [32] [33] [34] [35] [36] [37] [38] .
In such a symmetric configuration, the lab frame appears as a privileged frame in which to discuss the physics of the CFI and it is found, indeed, that the CFI generates an essentially magnetic structure in that frame.
However, in the precursor of relativistic collisionless shocks, the CFI develops in a highly asymmetric configuration: in the reference frame in which the shock front lies at rest (the shock rest frame R s ), the background plasma appears cold, and streams at relativistic velocities through a quasi-isotropic, ultrarelativistically hot gas of suprathermal particles. Conversely, in the background plasma rest frame R p , the suprathermal particles form a dense beam of angular dispersion 1, carrying high inertia, and moving through a tenuous gas of sub-or mildlyrelativistic temperature. The growth of the CFI in the precursor of relativistic collisionless shocks has been discussed in a number of numerical studies [39] [40] [41] [42] [43] [44] [45] [46] , but only a few theoretical studies have discussed its properties in such conditions [47] [48] [49] [50] . In particular, the notion of a frame in which this CFI is essentially of magnetic nature has not, to the best of our knowledge, received attention so far; the only exception being Ref. [23] where this frame was introduced to simplify the calculation of the CFI in the precursor of a nonrelativistic electron-ion shock.
The present paper is the first of a series in which we discuss the microphysics of unmagnetized, relativistic collisionless pair shocks. Here, we address in detail this notion of a "Weibel frame", in which the electromagnetic configuration is essentially magnetic in nature. As shown in accompanying papers of this series, and in particular [51] , this reference frame plays a fundamental role in the physics of collisionless shock waves. In Paper II [52] , it is shown how the noninertial character of the "Weibel frame" controls the heating and slowdown of the background plasma. In Paper III [53] , this reference frame is used to calculate the scattering rate of suprathermal particles; the latter quantity controls the residence time of suprathermal particles in the upstream, hence the acceleration timescale, thus the maximum energy etc. Therefore, this notion of a "Weibel frame" has direct phenomenological consequences and potential observable radiative signatures. Finally, in Paper IV [54] , we discuss the growth of the filamentary turbulence in the precursor of a collisionless shock. In the following, as in all accompanying papers, we support our present theoretical findings through detailed comparisons to dedicated large-scale 2D3V PIC simulations of relativistic collisionless shocks.
The present paper is laid out as follows. Section II introduces the notion of the "Weibel frame" in a fluid model of the linear phase of the current filamentation instability. Section III then extends those results to a fully kinetic model of the CFI; the details of these calculations are provided in Apps. A, B and C. Section IV introduces the notion of the "Weibel frame" in a nonlinear model of the filamentation phase, in which the filaments are modeled in quasistatic equilibrium at all points in the precursor. Finally, Sec. III D and IV B provide detailed comparisons of those various models to dedicated PIC simulations. A summary and conclusions are provided in Sec. V. We use units such that k B = c = 1. The metric signature is (−, +, +, +).
B. Setup
In this work, we consider an unmagnetized, relativistic collisionless shock wave propagating through an electronpositron plasma. In the shock rest frame R s , the background plasma is initially incoming at relativistic velocity β ∞ −1 (Lorentz factor γ ∞ 1) along the x−axis from +∞. Inside the precursor, its mean velocity is written β p (Lorentz factor γ p ). The precursor is defined as the region permeated by a beam of suprathermal particles, which were reflected off the shock surface or accelerated through a Fermi-like process, possibly up to high energies.
Our conventions are as follows: the index p refers to the background plasma, while the index b refers to the suprathermal particle population. For species α, n α represents the density, w α the enthalpy density, p α the pressure, and T α the temperature, all measured in the species rest frame, while u α µ = γ α (1, β α ) represents its four-velocity. All throughout, α will denote a species ('p' or 'b') and not a space-time index. Both the background plasma and the suprathermal beam are composed of electrons and positrons, so that there are actually four species. However, unless otherwise noted, we do not make any particular distinction between electrons and positrons in a given population, and therefore drop any reference to the charge. The above proper hydrodynamic quantities nevertheless correspond to one charged species (electrons or positrons) of one population (either the background plasma or the suprathermal beam). As in other papers of this series, we rely on the following frames: the shock front rest frame R s , the background plasma rest frame R p , the downstream rest frame R d and the "Weibel frame" R w , to be determined hereafter. Quantities evaluated in one or the other reference frame are indicated with the respective subscripts |s , |p , |d and |w . By default, however, frame-dependent quantities that lack subscripts are defined in the lab frame, which coincides with the shock rest frame R s . Finally, thermodynamic moments n α , p α , T α and w α are always defined as proper, unless otherwise stated; they are thus defined in the rest frame of species α.
According to the fluid shock jump conditions [55] , the typical temperature of shocked particles is
, in terms of the adiabatic index Γ b of the shocked gas; the latter is relativistically hot, so Γ b = 4/3 in 3D, but Γ b = 3/2 in 2D, which must be considered when drawing comparison with a 2D3V (2D in configuration space, 3D in momentum space) PIC simulation; thus
Strictly speaking, the temperature of suprathermal particles is by definition larger than that of the shocked plasma, defined above. Yet, as this temperature of suprathermal particles always scales with γ ∞ , we retain the above definition, emphasizing that κ T b is generically larger than the above, by about an order of magnitude, so that κ T b ∼ a few. This is illustrated in Fig. 1 , which shows the profiles of the main hydrodynamic properties of the background plasma and suprathermal beam for two reference PIC simulations, with respective Lorentz factors γ ∞ = 17 and γ ∞ = 173. Our PIC simulation are described further on in Sec. III D. Let us note here, however, that the reference frame of these 2D3V simulations (2D in configuration space, 3D in momentum space) coincide with the downstream rest frame R d . Hence, a Lorentz factor γ ∞ = 17 (resp. γ ∞ = 173) in the R s frame corresponds to a simulation frame Lorentz factor γ ∞|d = 10 (resp. γ ∞|d = 100). Simulations are conducted in the x − y plane, with x oriented along the shock normal, and y defining the transverse dimension.
The ultrarelativistic suprathermal particle gas is nearly isotropic in the shock rest frame, meaning a drift Lorentz factor γ b ∼ 1 in the shock rest frame (see Fig. 1 ). This population is further characterized by its pressure p b , written ξ b in units of the incoming momentum flux at infinity
The leading instability that develops in the precursor of weakly magnetized ultrarelativistic shocks is the Weibel-type CFI described above. In principle, this instability is defined in all momentum space (k , k ⊥ ) where k = k · x and k ⊥ = k ⊥ y in our PIC simulations. The purely transverse modes correspond to k k ⊥ , while the so-called oblique modes correspond to the limit k k ⊥ ω p , with ω p = 4πn ∞ e 2 /m e 1/2 the plasma frequency of (one charged species of) the unperturbed far-upstream background plasma. Oblique modes are likely relevant far in the precursor, but most likely Landau damped once the background plasma heats up [38, 49, 50] . We thus assume that the transverse modes dominate in most of the precursor and restrict ourself to the limit k → 0 for simplicity.
Our 2D3V PIC simulations indicate that this is a reasonable approximation. Consider indeed Fig. 2 , which plots the energy densities in electromagnetic components δE x , δE y and δB z in our two reference PIC simulations, normalized to the incoming momentum flux at infinity F ∞ . The purely transverse CFI generates a transverse δB z and its associated electrostatic δE y component; by definition of the "Weibel frame" R w (see further on), δE y|w =, 0, and hence δE y = β w|d δB z in the R d simulation frame. The growth of this instability also generates an inductive longitudinal electric field δE x . Nonstrictly transverse CFI modes (with k = 0) further generate an electrostatic longitudinal δE x component. Figure 2 reveals that the energy density in the transverse field components dominates that in the longitudinal electric field everywhere in the precursor in the R d frame, and that the electric field is smaller than the magnetic field in the near precursor where the ratio can be measured accurately (up to x of the order of a few hundred to a thousand c/ω p ). Finally, the transverse magnetic field energy remains larger than the longitudinal electric field component when deboosted back to the R w frame. Therefore, this "Weibel frame" appears well defined in the 2D3V simulations.
Let us emphasize that the limit k = 0 certainly remains of interest; as a matter of fact, a nontrivial structure along the streaming axis turns out to be a mandatory requirement to achieve pitch-angle diffusion of suprathermal particles [5, 53] . Yet, we expect that the main features of the (already nontrivial) calculations that follow will remain valid in a limit 0 < k k ⊥ . We thus consider purely transverse electromagnetic perturbations, i.e., δA µ = (δΦ, δA x , 0, 0), and ∂ x = 0 for all quantities. Figure 2 suggests that the ratio δE
namely β w|d , depends on x, which implies that the "Weibel frame" is not globally inertial. This frame actually decelerates from the far to the near precursor, as discussed in [51] . The noninertial nature of R w has important consequences for the physics of the shock, most notably the deceleration and heating of the background plasma, which form the focus of a subsequent paper in this series [52] .
In the present paper, we characterize the velocity β w|d (more specifically, β w|p ) at each point x of the precursor, given the physical conditions at this point. The discussion that follows thus relies on an implicit WKB-like approximation, which stipulates that the 'Weibel frame" has time to adjust at each point to the local physical conditions on a deceleration length scale |u w dx/du w |. Improving on this assumption would necessitate a proper inclusion of noninertial effects, which are characterized by the velocity profile du w /dx, in the calculations that follow. However, this velocity profile is itself determined by the response of the background plasma and the suprathermal beam to the microturbulence. Such an endeavor thus represents a rather formidable task, well beyond the scope of any current study.
II. THE "WEIBEL FRAME" IN A FLUID MODEL
Here we present a fluid derivation of the CFI and of its associated "Weibel frame", in the context of the precursor of an unmagnetized, relativistic electron-positron shock. Although Sec. III D will demonstrate that, in actual relativistic shock precursors, kinetic corrections are mandatory to describe the physics of the CFI, the following fluid model retains the advantage of simplicity as well as a pedagogical virtue. A fully kinetic description of the CFI and its "Weibel frame" in the case of MaxwellJüttner plasma distribution functions will be provided in the forthcoming Sec. III.
To preserve covariance, we use a relativistic fluid formalism. The conservation of the total energy-momentum tensor can be written in the compact way [5] :
introducing h α µν = η µν + u α µ u α ν , which projects orthogonally to u α µ (since u α µ u αµ = −1). The dynamical equation thus becomes, to first order in the perturbations,
In the following, the four-velocity perturbation is decomposed as δu α µ = δγ α , γ
with δγ α = γ 3 α β α δβ α x . Using the short-hand notation δβ ⊥α = (0, δβ α y , δβ α z ) and ∇ ⊥ = (0, ∂ y , ∂ z ), the system can be rewritten explicitly as
Current conservation written to first order also yields
The pressure perturbation can be related to the density perturbation through the adiabatic index Γ α :
In the following, we use the isentropic sound speed squared
so that δp α = c 2 α (w α /n α )δn α . Given the relation between δγ α and δβ α x , Eq. (4) can then be used to express the pressure perturbation in terms of the perturbed apparent density δN α ≡ δ(γ α n α ):
(9) This equation involves the effective sound speed squared of the streaming plasma species,
We have c
) and ultrarelativistic (T α m e , Γ α 4/3) thermal limits of a 3D gas, respectively. After integration, Eq. (9) provides a direct relationship between δp α and δA x and δN α , which can be inserted in Eq. (5) to yield
Finally, combining this equation with Eq (6), one obtains
which determines the response of the apparent charge density to the electromagnetic perturbation: in Fourier space, with δρ α = q α δN α , one finds
where the relativistic (proper-frame) plasma frequency, Ω pα , is defined by
Note that the far-upstream plasma frequency Ω pp coincides with ω p defined earlier.
The above also allows us to determine the response of the current density, δj α x , which comprises both a perturbed conduction current density as well as a perturbed advection current density:
Equations (4), (9) and (13) can then be combined to derive the response in Fourier space:
We define the "Weibel frame" as that in which the linear instability becomes purely magnetic, i.e., the electrostatic potential and the total electric charge density vanish. From the response of the charge density, one finds that in this frame the following relation must be fulfilled:
where ζ = ω/k is the (complex) phase velocity . In the shock precursor, the background plasma, of proper density n p and nonrelativistic temperature T p 1, flows at a velocity β p|s −1 against the suprathermal beam, of proper density n b and relativistic temperature T b 1. To leading thermal corrections, the above equation can be recast in the form
where we have assumed |ζ| 2 c 2 eff α for both populations, as is consistent within a hydrodynamic model (see Sec. III). This relation indicates that the velocity of R w is, in principle, mode-dependent. Yet the response of the beam proves to be more sensitive to thermal effects than that of the plasma since the inequality ζ 
is a good (mode-independent) approximation of the velocity of R w relative to the background plasma frame. The beam is more conveniently characterized by its normalized pressure ξ b and temperature
The beam moves relativistically with respect to the background plasma, therefore either β b|w ∼ 1 or β p|w ∼ −1. As ξ b < 1, however, the former must hold, which provides the final result:
In the case of negligible deceleration of the incoming plasma (γ p γ ∞ ) and for a 3D adiabatic index Γ b = 4/3,
One can also directly calculate β w :
The above indicates that: (i) the "Weibel frame" R w moves at a sub-relativistic velocity relative to the background plasma [i.e., u w|p = β w|p (1 − β
, and therefore at a relativistic velocity β p relative to the shock front; (ii) β w|p is of opposite sign to β p , which implies that, in magnitude, the "Weibel frame" moves slightly less fast than the background plasma relative to the shock front; (iii) the relative velocity β w|p scales with ξ b .
Finally, because ξ b is a function of distance x to the shock, Eq. (23) indicates that β w itself depends on x, i.e., the "Weibel frame" is not globally inertial, as already observed in Fig. 2 . This observation has important implications with respect to the physics of the shock, which are addressed in detail in the follow-up paper [52] .
In Sec. III, we extend the above calculations to a kinetic description. Although the expression for β w|p will be found to take somewhat different values, the above three features will remain valid.
Using the above equations, it becomes straightforward to derive the dispersion relation of the CFI in this warm fluid description. Consider the CFI in R w , where δΦ |w = 0. The response δj p x |w of the background plasma can be written
to first order in ξ b , since the term that has been neglected here with respect to Eq. (16) is of the order of β 2 p|w ∼ ξ 2 b . Note also that we have assumed that the background plasma temperature remains sub-relativistic over most of the precursor, as discussed in Paper II [52] , so that Ω pp ω p . From the Maxwell equations written in the Lorentz gauge (k µ δA µ = 0), i.e., 2δA µ = −4π α δj α µ , one derives the dispersion relation in the "Weibel frame" (subscript w omitted for clarity):
which, assuming |ω| 1, can be approximated by
with solution
The stabilizing effect of the beam dispersion is manifest in this equation; this effect has been noted before in [48, 49] .
III. RELATIVISTIC KINETIC MODEL
In this Section, we evaluate the "Weibel frame" velocity and the local instability growth rate within a rigorous kinetic formalism. As discussed further below, kinetic effects must indeed be taken into account when considering the development of the CFI in the shock precursor. The derivation of the kinetic dielectric tensor involves rather heavy calculations, which are relegated to Apps. A, B and C. Below, we describe the general method, summarize the approximate expressions of the relevant dielectric tensor elements, and provide the estimates of the growth rate of the CFI and the associated estimate of β w in various limits. The latter results, in particular, are given in Sec. III C.
For the time being, the reference frame in which we work is left unspecified. We first recall the linear dispersion relation fulfilled by the CFI modes [56] :
with ζ = ω/k as the complex phase velocity. In a fully relativistic framework, the dielectric tensor elements read
where v y = u y /(γm e ), ω 2 pα = 4πn α e 2 /m e represents the nonrelativistic plasma frequency squared of species α (n α represents as before the proper density) and f (28) implies either ε yy = 0 or ζ 2 ε xx −1 = 0. These two dispersion relations describe, respectively, purely electrostatic modes (with δE y) and purely electromagnetic (or inductive) modes (with δE x). Assuming that f
This expression is generally nonzero, and hence the CFI excites mixed electromagnetic/electrostatic fluctuations. This feature has been often overlooked in the past, δE y = 0 being assumed from the outset in a number of calculations [58] [59] [60] [61] . The electromagnetic (δE x ) and electrostatic (δE y ) components of the solutions to Eq. (28) verify [62, 63] :
In Sect. II, β p|w was determined by solving ε xy = 0 in the fluid limit, exploiting the fact that, to leading order, this equation is independent of the complex frequency ζ. In the general kinetic case, however, ε xy depends on ζ, whose knowledge involves solving Eq. (28) . In practice, we are interested in the fastest-growing mode (ζ max ), which should be calculated in the (unknown) "Weibel frame". Instead of solving simultaneously Eq. (28) and ε xy|w = 0 for ζ max|w and β p|w , we follow a different approach, noting that the (δE y , δB z ) fluctuations pertaining to a given mode in the plasma and "Weibel frames" are related through
since δE y|w = 0. The velocity of the "Weibel frame" relative to the plasma rest frame is therefore given by
Making use of Eq. (31) and of δB z|p = −δE x|p /ζ max|p , one obtains
This formula has the advantage of involving only quantities measured in the plasma frame. We apply the above formalism to the case of MaxwellJüttner momentum distribution functions [64] :
where β α ≡ u x /γm e is the normalized mean drift velocity of species α (corresponding drift Lorentz factor γ α ), µ α ≡ m e /T α and K 2 denotes a modified Bessel function of the second kind.
Compact expressions of the tensor elements ε lm can be obtained in terms of one-dimensional integrals over the velocity parallel to the wave vector (v ) [63, 65] . These calculations are detailed in Appendix A. In Sec. III D, such expressions will be used for the numerical resolution of Eq. (35) along with Eq. (28) . The parameters of the background plasma and suprathermal beam will be then extracted from PIC simulations of relativistic collisionless shocks. In the remainder of this section, we will derive analytic approximations of ζ max|p and β w|p , valid in distinct instability regimes for the plasma and beam particles.
The starting points of these calculations are the alternative expressions (A30), (A31) and (A32) of the dielectric tensor. For instance, ε xx can be rewritten as (A30)
where
and χ α = γ α ζ/ 1 − ζ 2 . The integrals involved in ε yy and ε xy can be put in a similar form, see (A34) and (A35).
Introducing ∆s α the characteristic width of the integrand in Eq. (38) [except for the denominator (χ α − s) −1 ], two limiting cases can be considered for each plasma species:
• the 'hydrodynamic' limit: |χ α | ∆s α ;
• the 'kinetic' limit:
The dimensionless variable s is introduced immediately before Eq. (A30); it corresponds to γ α β γ , with β the component of the particle velocity along the wavevector. Since the wavevector is transverse to the streaming direction, the typical extent of s in the above integral is, up to the resonant factor, controlled by the proper temperature 1/µ α ; the parameter χ α itself corresponds to the apparent phase four-velocity of the mode. Therefore, the meaning of the hydrodynamic limit is that the apparent typical transverse momentum (normalized to m e ) exceeds the apparent phase four-velocity, while the kinetic limit corresponds to the opposite case. In the following, approximate formulas of the dielectric tensor will be derived in these two limits.
A. Evaluation of the dielectric tensor for the background plasma
Hydrodynamic limit
In the outermost part of the precursor, the background plasma is characterized by a nonrelativistic proper temperature, µ p 1 [52] . In this limit, ∆s p 2/µ p , and hence the hydrodynamic response of the background plasma implies µ p /2|χ p | 1. This condition coincides with the large-argument limit (χ p |χ p | µ p /2 1) of the Z and Z functions involved in the low-temperature expressions derived in Appendix B. These formulas can be further expanded to first order in 1/µ p by making use of the asymptotic series Z(η) −1/η −1/2η
In the rest frame of the background plasma, β p|p = 0; further assuming the weak-growth limit, |ζ 2 | 1, the above relations simplify to
Kinetic limit
We now consider the limitχ p 1 of Eqs. (B8), (B10) and (B12). Using the power series Z(η) i √ π exp(−η 2 ) − 2η · · · [66] and assuming |ζ 2 | 1, this yields, in the background plasma rest frame
B. Evaluation of the dielectric tensor for the suprathermal particles
Hydrodynamic limit
In contrast to the background plasma, the beam particles are characterized by an ultrarelativistic drift velocity in the background plasma rest frame (γ b ≡ γ b|p 1) and a relativistic proper temperature (µ b 1). As a result, the integrand of Eq. 
where the functions I(t, λ, b) and J(t, λ, b) are defined by Eqs. (C11) and (C4), respectively. Working out the derivatives, we find
Inserting this expression into Eq. (37) yields, to leading order, 
Kinetic limit
The kinetic response of the beam particles can be readily obtained, to leading order in |χ b |, from the expansion (χ b − s) is the Dirac delta function and P denotes the Cauchy principal value, which here vanishes. In general, however, the beam particles appear to be only marginally kinetic in PIC shock simulations, so it could be useful to go to the next order. The series expansions derived in Appendix C are well suited to this purpose. In the limit
Combining these approximate expressions with Eqs. (A30)-(A32) and expanding the Bessel functions in the small-argument limit gives
where we have further assumed γ b 1.
C. CFI growth rates and frame velocities in various plasma response regimes
The previous formulas may now be applied to the case of the precursor of a relativistic shock to derive the growth rate of the purely transverse CFI and the velocity of the "Weibel frame" R w . We consider the various limits in which the plasma and/or the beam can be described in a fluid-like or kinetic approximation, keeping in mind that the most relevant limit for the precursor is that of both kinetic beam and background plasma.
For reference, let us recall that in the limit |ζ| = |ω/k| 1, which is applicable here, the plasma can be described in the hydrodynamic regime iff γ p |ζ| 2/µ p (with µ p = m/T p assumed greater than unity). As for the beam, it can be described in the hydrodynamic regime iff γ b |ζ| 1. In the following, we solve for the dispersion relation in the background plasma rest frame, in order to derive β w|p according to Eq. (35) . We also assume that the plasma frame is close to the "Weibel frame", so that the off-diagonal term 2 xy can be neglected in the dispersion relation as written in the background plasma frame. The dispersion relation may then be approximated as
Finally, in order to make contact with our previous notations, we will repeatedly use the substitution:
. This notably implies ω 2 pb µ b /ω 2 p 1. We also have γ b|p γ p|s and β b|p 1.
Hydrodynamic plasma and beam
In the hydrodynamic regime (and in the background plasma rest frame), |ζ| µ −1/2 p and |ζ| 1/γ b|p . Hence, the dispersion relation gives to leading order:
and so the growth rate saturates at Γ max ω 2 pb µ b for k √ 2ω p . Adding up the hydrodynamic plasma and beam contributions into Eq. (35) and retaining only leading order terms yields the "Weibel frame" velocity
As |ζ| ω p /k according to Eq. (60), the expression for β w|p boils down to
As β b|p β b|w 1, we recover the formula derived within a fluid approach, Eq. (20), provided one sets in the latter the adiabatic index Γ b = 2. This is the value expected for a gas with one degree of freedom in the relativistic limit; the reduced effective dimensionality for the beam response results from the assumption of a purely 1D transverse fluctuation spectrum.
Finally, the fully hydrodynamic regime holds as long as min( µ p /2, γ b|p )|ζ max | 1. Now, expressing Eq. (60) at k max ≡ √ 2ω p gives
so that another way of expressing the validity of the hydrodynamic regime is:
2. Kinetic plasma and hydrodynamic beam
In this limit, 1/γ b|p |ζ| µ −1/2 p ; to leading order, the dispersion relation takes the form
The growth rate reaches its maximum value
Making use of Eqs. (46), (47), (51) , and (52), we express Eq. (35) as
which gives Moreover, combining Eqs. (43), (44), (57) , and (58) gives the "Weibel frame" velocity
Inserting the above expressions of Γ max and ζ max , there follows
In the opposite limit, in which ω 2 p /(µ p ζ 2 ) dominates over 2ω 
To leading order, we thus derive
Kinetic plasma and beam
Finally, we consider the case of a fully kinetic beamplasma system. This regime is of particular importance since it is found to hold in most of the precursor region in long-time shock simulations (see Sec. III D). Using the expressions (45) and (56), the dispersion relation writes 
and k max 2 3 µ b ω pb γ b|p . The corresponding expression for the "Weibel frame" velocity is obtained by combining Eqs. (46), (47), (57) , and (58). After some algebra, one finds
or, to leading order and in terms of our usual parameters,
D. Comparison to PIC simulations
In this Section, we compare the relative velocity β w|p estimated using the kinetic model of the CFI developed in Sec. III C with that extracted from 2D3V PIC simulations.
These simulations have been performed using the massively parallel, relativistic PIC code calder [67] . The shock is generated by means of the standard mirror technique [40] . The background pair plasma is continuously injected into the domain from the right-hand boundary, and is made to reflect specularly off the left-hand boundary (x |d = 0). Electrons and positrons are injected with a Maxwell-Jüttner momentum distribution [Eq. (36) ] of proper temperature T ∞ = 0.01m e and mean drift velocity
1/2 in the simulation frame. As mentioned earlier, this simulation reference frame coincides with the downstream plasma rest frame (as a consequence of the use of the mirror technique). Our two reference PIC simulations use γ ∞|d = 10 and γ ∞|d = 100, which respectively correspond to shock Lorentz factors (with respect to the upstream) of γ ∞ = 17 and γ ∞ = 173.
As the simulation proceeds, the right-hand boundary (injector) is progressively displaced towards the right so as to keep the reflected ballistic particles inside the (increasingly large) domain, while speeding up the calculation at early times [40] . In order to quench the numerical Cherenkov instability, which notoriously hampers simulations of relativistically drifting plasmas, we make use of the Godfrey-Vay filtering scheme, combined with the Cole-Karkkainnen finite difference field solver [68] . We use a mesh size ∆x = ∆y = 0.1 c/ω p and a time step ∆t = 0.99∆x/c. Periodic boundary conditions are employed in the tranverse direction for both particles and fields. The initial domain size is L x × L y = 2700 × 340 (c/ω p ) 2 for γ ∞|d = 10 and
2 for γ ∞|d = 100. Each cell is initially filled with 10 macro-particles per species (electrons or positrons). The simulation is run until t max = 3600 ω −1 p (resp. t max = 6900 ω −1 p ) for our simulation with γ ∞|d = 10 (resp. γ ∞|d = 100).
In order to test our model of the CFI developing in the precursor through the interpenetration of suprathermal and background plasma populations, we need to carefully distinguish these two in the simulations. In order to do so, we track the particles according to the sign of their x−momentum and how many times this sign has changed, due only to interactions with the electromagnetic turbulence. We then define the background plasma as those particles that move toward negative values of x and that do not have undergone turnarounds, i.e., any change of sign of u x . We define the beam particles as those that move towards positive values of x, independently of their number of turnarounds. This definition leaves a minority of particles: those that move with u x < 0 and have undergone at least one turnaround. In this population, however, it becomes difficult to distinguish particles that originate from the right boundary of the simulation box from those that originate from the left boundary; these populations have different temperatures, so that a single-fluid description of this compound population would introduce errors.
Downstream of the shock, the left-moving and rightmoving particle populations are identical, because the plasma has isotropized in this simulation frame. There, our definition of suprathermal particles only counts half of the particles, therefore our ξ b 1/4 in this region: in 2D3V simulations, the downstream pressure represents 1/2 of the energy density, which itself amounts to the incoming energy flux into the shock rest frame F ∞ .
We extract hydrodynamic moments n α , T α , u α for each of the beam and background plasma population, assuming that they obey Maxwell-Jüttner momentum distributions. The spatial profiles of these various hydrodynamic quantities have already been presented in Fig. 1 , as extracted from the simulations with γ ∞|d = 10 and γ ∞|d = 100 at respective times t 3600 ω −1 p and t 6900 ω −1 p . One can see that n p and γ p|d vary weakly across the precursor region, except near the shock front where the incoming plasma slows down significantly and experiences compression. By contrast, the plasma temperature steadily increases from its far-upstream value (T p = 0.01m e ) to unity and beyond when approaching the shock front. This heating results from the interaction with the beam particles, whose density rises by ∼ 4 − 5 orders of magnitude across the precursor [52] . The beam Lorentz factor in the simulation frame is close to unity, confirming that the beam drifts at a weakly relativistic velocity in the shock frame.
The general dispersion relation (28) is numerically solved using the reduced forms (A16), (A22) and (A29) of the dielectric tensor elements, as detailed in Ref. [69] . At each sampled location, we look for the growth rate (Γ max ), wave number (k max ) and wave phase velocity (ξ max ) of the fastest-growing mode, and then use Eq. (35) to evaluate the corresponding value of the "Weibel frame" velocity (β w|p ).
Figures 3 display the spatial profiles of the χ b and χ p parameters defined by Eqs. (A36) and (B5), respectively. Interestingly, both the background plasma and beam populations appear to lie in the kinetic CFI regime (χ p < 1 and χ b < 1) throughout the precursor region. However, whereasχ p shows weak variations around relatively low values (χ p ∼ 0.05), so that taking the kinetic plasma limit is well justified, the χ b values are larger by about an order of magnitude and present stronger variations. Where ξ b becomes of the order of unity, the beam response is then only marginally kinetic; consequently, analytical approximations present an error of about a factor 2 with respect to the full numerical calculation of β w|p .
As discussed in Sec. I B, we estimate the 3-velocity of the "Weibel frame" in PIC simulations as the ratio β w|d = δE 2 y 1/2 / δB 2 z 1/2 , where averaging is performed over the transverse dimension. Given the locally measured value of the background plasma velocity β p|d , we convert it to the instantaneous local plasma rest frame through the standard transform β w|p = β w|d − β p|d / 1 − β w|d β p|d . We then compare in Fig. 4 this measurement with our theoretical estimates of the relative velocity, β w|p , between the "Weibel frame" and the background plasma, using both the numerical calculation (red circle/dashed line) and the analytical approximation (purple square/dashed). Both for γ ∞ = 17 and γ ∞ = 173, it is seen that, as predicted, β w|p remains subrelativistic throughout the precursor, increas- , bottom]. We recall that the hydrodynamic (kinetic) regime for the beam and/or the plasma corresponds to χ b 1 (χ b 1) and/orχp 1 (χp 1), respectively. This figure thus indicates that the plasma should be described in the kinetic regime, and that the beam regime is intermediate.
ing from β w|p ∼ 10 −3 at the far end of the precursor up to β w|p 0.1 near the shock front. The theoretical estimates appear to provide reasonable match to the PIC data in the region where β w|p can be measured accurately.
For both reference simulations, Fig. 4 reveals significant fluctuations in the measured values of β w|p , with increasing amplitude at large x, which deserves some discussion. Far from the shock front, the magnitude of our observable δE 2 y 1/2 / δB 2 z 1/2 is close to unity (see e.g., Fig. 2 ), which implies that any amount of numerical noise can artificially push |β w|d | to values larger than unity, even though its true value might be < 1. Furthermore, when transforming values to the background plasma rest frame, any error in β w|d is amplified by ∼ γ large far from the shock. In a given portion of the precursor, the "Weibel frame" can be considered well defined where |β w|d | < 1 for most data points. In Fig. 4 , values |β w|p | < 1 correspond to values |β w|d | < 1, but the use of raw numerical data, binned linearly, and plotted on a log-scale, precludes a clear identification of the region where this frame is welldefined, at least by eye. By rebinning the data, however, we infer that the "Weibel frame" is well defined in the range x 10 3 c/ω p , for both PIC simulations, as claimed in Sec. I B. At larger distances from the shock, |β w|p | fluc-tuates too often on both sides of unity, either because of numerical noise, or because of the contribution of electrostatic modes. Given the magnitude of the fluctuations, we have chosen to plot the data in full color only in the region x ≤ 300 c/ω p , for the sake of being conservative.
IV. THE "WEIBEL FRAME" IN THE NONLINEAR REGIME
A. Theoretical model
We adopt here another perspective on the "Weibel frame". Specifically, we consider the nonlinear evolution of the CFI, once the current filaments have formed, borrowing on the work of Ref. [31] . We assume that, at each point in the shock precursor, the CFI has developed a quasistatic, transversally periodic system of current filaments. By quasistatic, it is meant that an equilibrium approximately holds between magnetic and thermal pressures in the filaments, according to the physical conditions at the point considered, and that these conditions evolve slowly enough that this equilibrium has time to adapt from one point to another. We also consider a 2D configuration, without loss of generality, so that the plasma is periodic along the y-axis and the species drift along the x-axis; the magnetic field is then transverse to the (x, y)-plane. The dominant components of the fourpotential now explicitly depend on y and are given by
We assume a drifting MaxwellJüttner distribution for each of the four species (corresponding to two counterstreaming pair distributions), so that
where q α denotes the charge of the species and n α0 represents a normalization prefactor. We can inject these density profiles in the potential formulation of the Ampère-Maxwell and Gauss-Maxwell equations, leading to
where ω α = 4πn α0 e 2 /m e scales to the plasma frequency of species α. It is worth noting that this system can also be obtained in a 4-fluid framework with isothermal closure condition [31] .
Following [31] , we introduce the plasma nonlinearity parameter:
In the weakly nonlinear limit, Ξ p 1, the sinh functions in the above equations can be approximated to unity, so that the vanishing of the electrostatic component entails:
where the subscript w has been introduced, because the above quantities are now defined in the "Weibel frame", R w , in which φ |w = 0. In the weakly nonlinear limit, the velocity of R w can be computed exactly using relation (83). Writing β b|w = (β b −β w )/(1−β b β w ), γ b|w = γ b γ w (1−β b β w ) etc., in any given frame, one finds that β w is solution to the equation:
with
Writing n b in terms of ξ b as before, we expand the above solution to first order in ξ b to obtain the relative velocity β w|p :
where γ b|p ∼ γ p represents the relative Lorentz factor between the beam and the background plasma. Interestingly, Eq. (86) corresponds to our earlier expression Eq. (78) obtained from the linear dispersion relation of the CFI in the kinetic plasma -kinetic beam limit. In Paper II [52] , it is argued that γ 2 p ξ b is much smaller than unity in the far precursor, where the incoming background plasma maintains its initial velocity, i.e., γ p γ ∞ , and of the order of unity in the near precursor, where γ p < γ ∞ due to deceleration. The above thus implies that the "Weibel frame", in this nonlinear description, moves at subrelativistic velocities relative to the background plasma, as in the linear limit studied earlier. That β w|p is positive means that the "Weibel frame" moves at slightly smaller absolute velocity towards the shock front than the background plasma.
In the near precursor, as the background plasma is heated up to relativistic temperatures, β w|p increases in magnitude; this implies that the background plasma decouples from the "Weibel frame", hence increasing the heating rate and leading to the shock transition.
One can also compute the first nonlinear correction in Ξ p to the above velocity. To this effect, we recast Eq. (81) in terms of the nonlinearity parameters of the beam (Ξ b ) and the plasma (Ξ p ) in relation (83):
As discussed in Paper III [53] , the beam particles carry such inertia that they hardly participate in the filamentation, meaning Ξ b|w 1. In R w , Ξ b|w indeed represents the ratio of the electromagnetic component eA x|w to the typical momentum T b|w = T b /γ b|w of the particles, and for suprathermal particles, this ratio is much smaller than unity. Assuming Ξ p|w 1, we then obtain to lowest order
In this configuration, the nonlinearity appears as a second-order correction to the "Weibel frame" speed. In detail, one obtains
Note that the "Weibel frame" is not always welldefined in the strongly nonlinear limit: if Ξ p,b 1, Eq. (81) decouples into a set of two relations between the temperatures and densities
which overdetermine the system for a given set of parameters. From Eq. (81), we see that the error on the electrostatic fields at leading order in Ξ p|w if we evaluate the "Weibel frame" from relation (83) evolves as δφ ∝ Ξ 3 p|w . In the case of interest, however, PIC simulations indicate that the weakly nonlinear limit represents a good approximation in the precursor of relativistic shocks, see Sec. IV B.
B. Comparison to PIC simulations
In this section, we confront the result of Sec. (IV) with the PIC simulations presented in the Sec. III D. A strong hypothesis underlying the above formulae is that of a marginally nonlinear plasma response Ξ p|w < 1. We wish to motivate this hypothesis by measuring this nonlinearity parameter. Assuming Eq. (79) holds, one expects
We can then estimate the nonlinearity parameter in the simulation through the following relation where · denotes the mean value along the direction transverse to the drift.
Using relation (93), we present in Figs. 5 our estimate of Ξ p|w for the two reference simulations (γ ∞ = 17 in the top panel, γ ∞ = 173 in the bottom panel). In both cases, the nonlinearity parameter tends to increase from values well below unity in the far precursor, up to near unity within a few hundred c/ω p to the shock front. This behavior suggests that one should use the present nonlinear equilibrium model to estimate β w|p in the near precursor, say x 300c/ω p , and the linear estimate obtained in Sec. III at larger distances, where Ξ p|w falls to values small compared to unity. One must, however, keep in mind that the present approach is based on a fluid model, while the former is fully kinetic, and that the analysis of Sec. III indicates that, from the point of view of the instability, both the beam and the background plasma should be treated kinetically. Fortunately, both the present nonlinear estimate of β w|p , Eq. (86), and its linear kinetic counterpart, Eq. (78), match one another. Hence, our theoretical estimate of β w|p can be considered as rather well established throughout the precursor. This is supported by Figs. 6, which compare the values of β w|p extracted from the simulations with the theoretical estimate (86), assuming (weakly) nonlinear equilibrium filaments. As before, the PIC simulation data are light colored where they cannot be measured accurately. In both simulation cases, the theoretical estimates appear in reasonable agreement with the PIC results, especially in the near precursor x 10 3 c/ω p , where the velocity of the "Weibel frame" is well defined.
V. CONCLUSIONS
This paper belongs to a series of articles in which we build a theoretical model of unmagnetized, relativistic collisionless pair shocks, and compare it with dedicated PIC simulations. More specifically, we have discussed in the present work the physics of the purely transverse CFI that results from the interpenetration of the background plasma and the beam of suprathermal particles in the shock precursor. We have argued that there exists a frame R w , referred to as the "Weibel frame" in which the instability is mostly magnetic in nature. We have derived the velocity of this frame at each point of the shock precursor, through a kinetic description of the linear stage of the instability, as well as through a quasistatic model of the nonlinear phase of the filamentation instability. This "Weibel frame" is of particular importance to the physics of the shock and of the acceleration process, because it represents the frame of the scattering centers.
We emphasize the following properties of this "Weibel frame": (i) it is found to move at subrelativistic velocities relative to the background plasma, (i.e., with 4-velocity u w|p < 1), and, therefore, at relativistic velocities toward the shock front. This result can be related to the strong asymmetry of the interation between the beam of suprathermal particles and the background plasma. We also find that, (ii), the 3-velocity β w|p is of opposite sign to β p , the velocity of the background plasma in the shock rest frame, implying that the "Weibel frame" moves slightly less fast than the background plasma relative to the shock front. Furthermore, (iii), the relative velocity β w|p typically scales as ξ b , which represents the beam pressure normalized to the incoming momentum flux at infinity. Finally, it is to be emphasized that the "Weibel frame" is not globally inertial, because its velocity β w depends on the distance to the shock. As discussed in [51] , and more particularly [52] , which addresses in detail the consequences of this noninertial nature, the "Weibel frame" decelerates from the far to the near precursor. In the present article, we have determined the velocity of this frame at each point in the precursor, given the local physical conditions, in a WKB-like approximation.
Our PIC simulations confirm these various features. In particular, they reveal that δE ⊥ < δB ⊥ close to the shock front and over most of the precursor, and hence that the "Weibel frame" is well defined; relatively to the shock front, the "Weibel frame" velocity, measured through the ratio of δE ⊥ /δB ⊥ , is also found to be slightly below the background plasma velocity; finally, the relative velocity β w|p generally decreases away from the shock front, like ξ b .
Our kinetic model relies on the use of Maxwell-Jüttner distribution functions for the beam and the background plasma, and it provides (at the expense of rather complex calculations) simple approximations to the velocity of the "Weibel frame" and to the growth rate of the purely transverse CFI. Our quasistatic model of the nonlinear stage of the instability describes the current filaments as periodic magnetostatic structures in the "Weibel frame", in pressure equilibrium with the plasma. Our PIC simulations indicate that, over most of the precursor, those filaments are in a mildly nonlinear stage, with a nonlinearity parameter below unity. We expect that both models should capture the salient features of the instability and indeed, the resulting formulae turn out to bracket rather well the value β w|p seen in PIC simulations.
In subsequent papers, it will be shown that the "Weibel frame" plays an essential role in shaping the microphysics of the shock transition, in particular the physics of heating and deceleration of the background plasma.
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Appendix A: Reduced expressions of the kinetic dielectric tensor
The triple integrals involved into Eq. (29) after substitution of the model distribution (36) can be recast in the form of one-dimensional quadratures [63] . To do so, we mostly follow the lines sketched in Ref. [65] , where it is shown that two of the momentum integrations can be carried out in closed form.
Let us first consider the dielectric tensor element ε xx , which is involved in the purely electromagnetic dispersion relation of the CFI (i.e., in a frame close to the "Weibel frame"). After straightforward algebra, it can be rewritten as
where we have defined
The first integral in the right-hand side of (A1) can be exactly solved by noting that
We then proceed by changing to velocity variables in cylindrical coordinates along the wave vector: v = (v , v ⊥ cos θ, v ⊥ sin θ). 
we obtain ε xx = 1 + 
Here we have introduced 
which can be further recast as dt I 2 µ α γ α β α t 2 − 1 e −γαµαγ t ,
We now take advantage of the following formula [71] 
valid for ν > −1 and δ > ζ. There follows 
After evaluation of the derivatives, one finds 
It should be stressed that the compact expressions (A16), (A22) and (A29) are strictly valid for ζ > 0 only. They thus lend themselves readily to the numerical resolution of the dispersion relation (28) when searching for (purely growing) unstable modes only, as has been done in Refs. [63, 69, 72] . If damped modes are also examined, care must be taken for the analytic extension to the lower complex ζ-plane of the integrals, owing to the presence of branch points at ζ = ±1 [69, 73] .
Here, we have defined 
which can be solved in closed form as [77] I(t, λ, b) = − 2bt 2 t 2 + λ 2 K 0 b(λ 2 + t 2 ) + 2b 1/2 (λ 2 − t 2 ) (t 2 + λ 2 ) 3/2 K 1 b(λ 2 + t 2 ) .
As in the previous derivation, we substitute Eqs. (C12) into Eq. (C10), expand the exponential factor and exploit [71] ∞ 0 dt t 2λ+1 K ν √ t 2 + z 2 (t 2 + z 2 ) ν/2 = 2 λ Γ(λ + 1)
There follows
